Orbitals from local RDMFT: Are they Kohn-Sham or natural orbitals? by Theophilou, Iris et al.
Orbitals from local RDMFT: Are they Kohn-Sham or natural orbitals?
Iris Theophilou, Nektarios N. Lathiotakis, Nikitas I. Gidopoulos, Angel Rubio, and Nicole Helbig 
 
Citation: The Journal of Chemical Physics 143, 054106 (2015); doi: 10.1063/1.4927784 
View online: http://dx.doi.org/10.1063/1.4927784 
View Table of Contents: http://scitation.aip.org/content/aip/journal/jcp/143/5?ver=pdfcov 
Published by the AIP Publishing 
 
Articles you may be interested in 
On the errors of local density (LDA) and generalized gradient (GGA) approximations to the Kohn-Sham
potential and orbital energies 
J. Chem. Phys. 144, 204114 (2016); 10.1063/1.4950877 
 
Aufbau derived from a unified treatment of occupation numbers in Hartree–Fock, Kohn–Sham, and natural
orbital theories with the Karush–Kuhn–Tucker conditions for the inequality constraints n i ≤ 1 and n i ≥ 0 
J. Chem. Phys. 132, 194108 (2010); 10.1063/1.3426319 
 
Interpretation of the Kohn–Sham orbital energies as approximate vertical ionization potentials 
J. Chem. Phys. 116, 1760 (2002); 10.1063/1.1430255 
 
The role of the local-multiplicative Kohn–Sham potential on the description of occupied and unoccupied
orbitals 
J. Chem. Phys. 113, 6029 (2000); 10.1063/1.1308547 
 
Density functional theory with fractionally occupied frontier orbitals and the instabilities of the Kohn–Sham
solutions for defining diradical transition states: Ring-opening reactions 
J. Chem. Phys. 111, 7705 (1999); 10.1063/1.480108 
 
 
 Reuse of AIP Publishing content is subject to the terms: https://publishing.aip.org/authors/rights-and-permissions. Downloaded to  IP:  161.111.180.191 On: Fri, 09 Sep
2016 11:36:11
THE JOURNAL OF CHEMICAL PHYSICS 143, 054106 (2015)
Orbitals from local RDMFT: Are they Kohn-Sham or natural orbitals?
Iris Theophilou,1 Nektarios N. Lathiotakis,2,3 Nikitas I. Gidopoulos,4 Angel Rubio,5,6
and Nicole Helbig1
1Peter-Grünberg Institut and Institute for Advanced Simulation, Forschungszentrum Jülich,
D-52425 Jülich, Germany
2Theoretical and Physical Chemistry Institute, National Hellenic Research Foundation, Vass. Constantinou 48,
GR-11635 Athens, Greece
3Max-Planck-Institut für Mikrostrukturphysik, Weinberg 2, D-06120 Halle (Saale), Germany
4Department of Physics, Durham University, South Road, Durham DH1 3LE, United Kingdom
5Max Planck Institute for the Structure and Dynamics of Matter and Center for Free-Electron Laser Science,
Luruper Chaussee 149, 22761 Hamburg, Germany
6Nano-Bio Spectroscopy Group and ETSF Scientific Development Centre, Dpto. Física de Materiales,
Universidad del País Vasco, CFM CSIC-UPV/EHU-MPC and DIPC, Av. Tolosa 72,
E-20018 San Sebastián, Spain
(Received 4 May 2015; accepted 22 July 2015; published online 5 August 2015)
Recently, an approximate theoretical framework was introduced, called local reduced density ma-
trix functional theory (local-RDMFT), where functionals of the one-body reduced density matrix
(1-RDM) are minimized under the additional condition that the optimal orbitals satisfy a single
electron Schrödinger equation with a local potential. In the present work, we focus on the character
of these optimal orbitals. In particular, we compare orbitals obtained by local-RDMFT with those
obtained with the full minimization (without the extra condition) by contrasting them against the
exact NOs and orbitals from a density functional calculation using the local density approximation
(LDA). We find that the orbitals from local-RMDFT are very close to LDA orbitals, contrary to
those of the full minimization that resemble the exact NOs. Since local RDMFT preserves the
good quality of the description of strong static correlation, this finding opens the way to a mixed
density/density matrix scheme, where Kohn-Sham orbitals obtain fractional occupations from a
minimization of the occupation numbers using 1-RDM functionals. This will allow for a description
of strong correlation at a cost only minimally higher than a density functional calculation. C 2015 AIP
Publishing LLC. [http://dx.doi.org/10.1063/1.4927784]
I. INTRODUCTION
Reduced-density-matrix-functional theory (RDMFT)1 is
an alternative formulation of the many-electron problem where
every ground-state property, including the ground-state en-
ergy, is a functional of the one-body reduced density ma-
trix (1-RDM). A main advantage compared to density func-
tional theory (DFT) is that the electronic kinetic energy can
be written explicitly in terms of the 1-RDM. Like in DFT,
approximations in RDMFT can be cast in a form where all
terms are simple explicit functionals of the 1-RDM except a
remaining unknown part of the electron-electron interaction
term which can be also called exchange and correlation energy.
Contrary to DFT, the exchange-correlation (xc) energy does
not contain kinetic-energy contributions since that part of the
energy is treated exactly. Constructing functionals amounts
to introducing approximate forms for the xc energy term in
terms of the 1-RDM. Most approximations in RDMFT are
explicit functionals of—and are minimized in terms of—the
natural orbitals (NOs), φ j(r), and their occupation numbers,
n j. Various different approximations for the total energy func-
tional have become available over the past decades2–17 which
have proven to describe correctly such diverse properties as
molecular dissociation4–8 or band gaps.14,18–20 A major draw-
back of RDMFT, however, is the increase in computational
cost compared to a DFT calculation which is mostly due to
the optimization of the NOs. Contrary to DFT, the functional
variation with respect to the orbitals does not reduce to an iter-
ative eigenvalue problem. A few techniques have been intro-
duced to define effective Hamiltonian schemes with non-local
potentials to obtain the natural orbitals.21–23 Although some of
these techniques reduce the computational cost substantially
compared with the full minimization, orbital determination in
RDMFT still remains a bottleneck when compared with DFT
or even Hartree Fock (HF) methods.
In an attempt to incorporate the merits of RDMFT
functionals, like static correlation effects, in Kohn-Sham-
like equations, an alternative approach, called local-RDMFT,
was introduced recently.24 The main idea in this approach
is to optimize the orbitals under the additional constraint
that they are the eigenfunctions of a Hamiltonian containing
only a kinetic term and a local scalar potential. Due to
this strong constraint, local-RDMFT does not solve the full
problem of orbital optimization in RDMFT. Instead, the orbital
optimization can be considered as being in the realm of DFT,
where the orbitals satisfy single particle equations. The cost
for one optimization of the orbitals in local-RDMFT is similar
to the cost of a density functional calculation using an orbital
functional via the optimized effective potential method. Local-
RDMFT can potentially describe static correlations, where
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most DFT approaches fail. More specifically, it was found that
a qualitatively correct dissociation of H2 and N2 molecules is
obtained. In particular, for H2, if the corresponding functional
of the 1RDM gives the correct physical picture of dissociation
in standard RDMFT, then this desirable feature is also
preserved by local-RDMFT.
In addition, the calculated energy eigenvalues of the
Hamiltonian in local-RDMFT appear to provide a useful en-
ergy spectrum for molecular systems. It was found that those
energy eigenvalues are very good approximations for the
ionization potentials (IPs) of a set of atomic and molecular
systems24,25 although a mathematical proof of their association
with the IPs is lacking. In the present work, we refer to RDMFT
with the full minimization of the NOs as full-RDMFT and use
the prefix full also for specific functionals, e.g., full-Müller, in
order to distinguish from local-RDMFT for which the prefix
local will be used.
A given set of NOs cannot be obtained as the eigenfunc-
tions of a Hamiltonian with a local potential, as we know from
their asymptotics. Hence, enforcing the additional constraint is
an additional approximation and the optimized local-RDMFT
orbitals (LROs) are expected to be different from the natural
orbitals. As a result, the question arises how much the LROs
differ from the orbitals obtained from a full minimization, i.e.,
a minimization of an approximate energy functional without
the additional constraint, and from the exact NOs obtained
with a very accurate multiconfigurational method. Since the
constrained minimization scheme strongly resembles a density
functional calculation, one might expect the resulting LROs to
be closer to the Kohn-Sham (KS) orbitals of a DFT calculation.
This is certainly true for the asymptotic behavior of the orbitals
in finite systems. The exact NOs decay exponentially and if
their occupation number is fractional, which is generally the
case, they will all share the same exponent for the decay,
determined by the chemical potential of the system.26 The
KS orbitals for a finite system also decay exponentially but
the exponent is determined by their KS eigenvalues which
implies that the orbitals decay with different exponents unless
they are energetically degenerate. The same holds true for the
LROs, i.e., they decay with an exponent that is determined by
the associated energy eigenvalue. This has little effect on the
total energy since the asymptotic region contains hardly any
density and, hence, does not contribute significantly to the total
energy.
In the present work, we focus on the nature of LROs.
More specifically, we compare the LROs from an approximate
RDMFT functional in the local framework with (a) the orbitals
from a full minimization using the same approximate func-
tional, (b) very accurate approximations of the exact NOs ob-
tained with multi-configuration self-consistent field (MCSCF)
calculations, and (c) the KS orbitals from a DFT calculation
using the local density approximation (LDA). This allows us to
investigate if the orbitals from local-RDMFT are indeed closer
to KS orbitals than to the exact NOs. We shall find that the
LROs resemble the KS orbitals. Hence, our work provides the
motivation for further exploration of the possibility of hybrid
DFT/RDMFT approaches, for example, to obtain the orbitals
from a flavor of DFT and the occupation numbers through a
minimization of an appropriate RDMFT functional.
The paper is structured as follows: in Section II, we review
the basic ideas of local-RDMFT and the Schrödinger equation
that the LROs have to satisfy. In Section III, we then compare
the shapes of the NOs from a full minimization with the LROs
from local-RDMFT, using different common approximations
for the exchange-correlation energy in RDMFT,2,5,6,9,27 for
the helium atom and for the hydrogen molecule at different
internuclear distances. To complete the comparison, we also
include the almost exact NOs from a MCSCF calculation, the
KS orbitals from a DFT calculation using the LDA, and the HF
orbitals. We conclude the paper in Section IV.
II. LOCAL RDMFT
The theory of local-RDMFT was presented recently in
Ref. 24; here, we give a brief summary of the method and
state the equations which are solved numerically. Commonly,
RDMFT functionals depend separately on the occupation
numbers n j and the NOs, ϕ j(r). The total energy is then
minimized in a two-step process: first one minimizes with
respect to the occupation numbers for a fixed set of NOs and
then keeps those occupation numbers fixed while minimizing
with respect to the NOs. These two steps are then iterated until
convergence is achieved. While the minimization with respect
to the occupation numbers is numerically inexpensive, the
optimization of the orbitals is quite costly. The local-RDMFT
approach reduces the cost for this minimization significantly
while still providing fractional occupation numbers through
the usual optimization under Coleman’s N-representability
conditions.
The central idea in local-RDMFT24 is that the search for
the set of LROs is restricted to the domain of orbital sets that
satisfy single-particle equations with a local potential
−∇
2
2
+ Vext(r) + Vrep(r)

φ j(r) = ϵ jφ j(r). (1)
The search for the electron-electron repulsive part Vrep(r) of the
effective local potential (the analogue of the Hartree-exchange
and correlation potential in the KS equations) is replaced by a
search for the effective repulsive density (ERD) ρrep(r) whose
electrostatic potential is Vrep(r), i.e.,
∇2Vrep(r) = −4πρrep(r). (2)
Minimizing with respect to ρrep(r) allows for the implementa-
tion of two additional constraints,28
drρrep(r) = N − 1, (3)
ρrep(r) ≥ 0. (4)
The two constraints are sufficient to correct the asymptotic
behavior of the effective local potential, thus healing to a large
extent the self interaction problem expected to be present in the
potential for many approximate functionals in local-RDMFT.
The optimal ERD and the effective local potential can be
obtained, similarly to the OEP method, by solving the integral
equation24 
d3r ′ χ˜(r,r′) ρrep(r′) = b˜(r), (5)
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with
χ˜(r,r′)

d3x d3y
χ(x,y)
|x − r||y − r′| , (6)
b˜(r)

d3x
b(x)
|x − r| . (7)
The response function χ(r,r′) and b(r) are given by
χ(r,r′) =

j,k, j,k
φ∗j(r) φk(r) φ∗k(r′) φ j(r′)
n j − nk
ϵ j − ϵk , (8)
b(r) =

j,k, j,k
⟨φ j |
F( j)Hxc − F(k)Hxc
ϵ j − ϵk |φk⟩ φ
∗
k(r) φ j(r), (9)
with F( j)Hxc defined by
δEHxc
δφ∗j(r)


d3r ′F( j)Hxc(r,r′) φ j(r′). (10)
EHxc is the approximation for the electron-electron interaction
energy, φ j are the LROs and n j, and ϵ j their corresponding
occupation numbers and orbital energies (eigenvalues of the
effective Hamiltonian). The two constraints are incorporated
with a Lagrange multiplier (3) and a penalty term (4) that intro-
duces an energy cost for every point r where ρrep(r) becomes
negative.
Within local-RDMFT, the numerical cost for one minimi-
zation with respect to the orbitals reduces to the cost for a DFT
calculation using an orbital functional. Apart from reducing
the numerical cost, the local-RDMFT framework provides an
energy eigenvalue spectrum connected to the LROs. We found
that the energy eigenvalues of the strongly occupied orbitals
reproduce the ionization potentials of small and large mole-
cules24,25 accurately. We now turn our attention to the question
of how the LROs compare with different sets of orbitals like the
almost exact NOs taken from MCSCF calculations, those from
the full RDMFT minimization, and the KS orbitals of LDA.
III. RESULTS AND DISCUSSION
In this section, we perform full- and local-RDMFT calcu-
lations for the He atom, and the H2, molecule at 3 different
intermolecular distances, the equilibrium geometry with R
= 1.4 a.u., an intermediate distance with R = 3 a.u., and at the
dissociation limit, R = 8 a.u., in order to examine the impact
of the local potential constraint on the optimized orbitals.
For full- and local-RDMFT, we employ a few representative
approximations, namely, the Müller,2 BBC3,5 Power,6,14 ML,9
and Löwdin Schull (LSH)27 functionals. The LSH functional is
the exact one for the 2-electron singlet case in the full minimi-
zation. Apparently, in local-RDMFT, with the assumption of
a local potential, LSH is no longer exact and not necessarily
better than other approximations. For comparison, we also
calculated the NOs obtained within the complete active space
MCSCF method. As these are very accurate approximations
to the exact NOs, we will refer to them as “exact” NOs in
the following. Full minimization orbitals from the LSH func-
tional obviously coincide with those from the MSCF method,
since we discuss only two electron singlet systems. Finally, we
compare the LROs with restricted HF (RHF) and LDA orbitals.
FIG. 1. The dependence of the occupation numbers of the 1σ and 1σ∗
spin-orbitals of H2 as a function of the internuclear distance. Only functionals
which yield a qualitatively correct dissociation are included (see text for
details).
All calculations were performed with the HIPPO computer
code,29 except for MCSCF for which we used the GAMESS
code.30 In all calculations, the cc-PVTZ Gaussian basis set
was employed. For simplicity, and in order to avoid numerical
noise introduced in weakly occupied orbitals, we compare or-
bitals with an occupation larger than 10−4. In order to compare
orbitals qualitatively, we plot them along the radial direction
for the He atom and along the intermolecular axis for the H2
molecule. To keep the figures uncluttered, we plot only the
orbital from one RDMFT functional (full and local), together
with the MCSCF, the LDA, and the RHF ones. In addition, as a
more quantitative comparison, we calculate the overlaps of the
corresponding orbitals obtained with full RDMFT and local-
RDMFT, for all the functionals employed, with the exact NOs
and KS-LDA orbitals.
Before discussing the nature of the LROs, we present more
evidence that static correlations can be correctly described by
local-RDMFT if the corresponding 1RDM functional has this
property. In Fig. 1, we show the occupation numbers of the
1σ and 1σ∗ spin-orbitals of the H2 molecule obtained with
four different functionals in local-RDMFT. We see that the
dependence of these occupations on the distance is qualita-
tively correct going to the correct dissociation value of 1/2.
Occupations from local-LSH and local-BBC3, in particular,
are quite accurate compared with the exact ones. The ML
functional is not included in this plot as it does not yield a
qualitatively correct dissociation curve for H2 in either the
local or the full RDMFT version. As H2 at large internuclear
separation is a prototype correlated system, it is of particular
TABLE I. IPs (in eV) from the HOMO eigenvalues of local-BBC3 and
local-LSH for H2 at equilibrium and at 3 Å compared with values from EKT
with BBC3 and LSH full-RDMFT functionals. The exact values, which are
obtained from the energy difference of the positive ion and the neutral system,
are also included.
BBC3 LSH
Distance (Å) Local EKT Local EKT Exact
0.77 15.98 15.94 15.98 16.20 16.20
3.00 12.75 12.44 12.89 13.26 13.26
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FIG. 2. Helium 2s orbital along an axis through the position of the nuclei
obtained with full- and local-RDMFT compared with the exact NO, and those
obtained with LDA and RHF. The orbital obtained with either local-BBC3,
local-Power, or local-ML is very similar to the one given by local-Müller.
interest to see if the negative of the orbital energy of the HOMO
is a good approximation for the IP. In Table I, we show the
calculated IPs at two internuclear separations, at equilibrium
and at a distance of 3 Å. Results from full RDMFT using the
extended Koopman’s theorem (EKT)26,31–34 are also shown.
EKT is proven to yield the IP exactly for the exact functional
of the 1RDM. It also provides a new orbital representation in
terms of the canonical orbitals which can be associated with the
electronic spectrum.34,35 Finally, in Table I, we also include the
exact results within the particular basis set which are obtained
using the definition of the IP, i.e., the total energy difference
E(N − 1) − E(N), where E is the total energy and N is the
number of electrons. As expected, the IP of the EKT method
is exact for the LSH functional. Local-LSH and BBC3 func-
tionals on the other hand are very accurate at the equilibrium
distance and rather satisfactory at large separations as well, as
shown in Table I.
We continue with discussing the nature of the LROs.
The helium 1s orbital appears to be identical for all methods
considered in this work showing the typical shape of a 1s
orbital. This orbital is strongly occupied in local- and full-
RDMFT calculations and its occupation, summed over spin,
TABLE II. Overlaps of the helium 2s orbital employing different functionals
within local- or full-RDMFT with the corresponding exact NO and LDA
orbital.
Local-RDMFT Full-RDMFT
Exact NO LDA Exact NO LDA
Müller 0.858 03 0.999 64 0.996 57 0.893 02
BBC3 0.857 48 0.999 67 0.999 56 0.868 25
ML 0.858 78 0.999 53 0.984 62 0.755 65
Power 0.857 92 0.999 63 0.996 20 0.895 07
LSH 0.858 01 0.999 65 0.999 99 0.853 69
varies between 1.975 and 1.994. The He 2s orbital, on the
other hand, shown in Fig. 2, is strongly dependent on the
calculation method. The occupation of this orbital varies be-
tween 0.0019 and 0.011. Within the local-RDMFT approach,
all four different functionals yield an almost identical form
on the scale of the plot; hence, only the one obtained with
the Müller functional is included in Fig. 2. Also, the orbitals
from the Müller and Power functionals in the full RDMFT
calculation are identical, and again, only the one given by
Müller is shown. Interestingly, all LROs from local-RDMFT
are almost identical with the corresponding LDA orbital and
are also close to the RHF one. Orbitals from full-RDMFT are
closer to the exact NO with the orbital from BBC3 being the
closest.
The overlaps of helium 2s orbital obtained with different
methods are shown in Table II. The overlaps of the full-
RDMFT orbitals with the exact NO are larger than 0.98 for
all approximations. On the contrary, the local-RDMFT orbitals
for all functionals are almost identical to the LDA orbital with
overlaps larger than 0.999.
In Figs. 3(a) and 3(b), we plot the 1σ and 1σ∗ orbitals,
for the hydrogen molecule at equilibrium, along the intermo-
lecular axis. The first orbital looks exactly the same for both
local- and full-RDMFT and all approximate functionals. It is
also very close to the exact NO and RHF orbitals while the
LDA gives a slightly different orbital which is, however, still
close to the NOs. The overlaps between the RDMFT orbitals,
FIG. 3. H2 1σ (left) and H2 1σ∗ (right) orbitals at equilibrium plotted along the nuclear axis. For the 1σ, all full- and local-RDMFT functionals employed yield
the same orbital in the scale of the plot; therefore, only the local-Müller orbital is shown which also almost coincides with the exact NO and that from RHF. For
the 1σ∗, all local-RDMFT functionals employed yield almost the same orbital, while the full-RDMFT orbitals look slightly different from each other but are all
close to the exact natural orbital. Only the full- and local-Müller orbital is shown.
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TABLE III. H2 1σ∗ orbital at equilibrium: overlaps between local- and full-
RDMFT orbitals with exact NO and LDA orbitals for different RDMFT
approximations.
Local-RDMFT Full-RDMFT
Exact NO LDA Exact NO LDA
Müller 0.741 44 0.998 92 0.995 37 0.768 73
BBC3 0.738 58 0.999 11 0.999 54 0.719 60
ML 0.737 19 0.999 20 0.997 67 0.753 72
Power 0.740 59 0.998 96 0.991 38 0.643 64
LSH 0.737 59 0.999 17 0.999 99 0.712 55
both local and full, with the exact NO never deviate from one by
more than 3 · 10−5. The overlaps with the LDA orbital are only
marginally smaller with a deviation from one of about 3 · 10−4.
The antibonding 1σ∗ orbital again looks exactly the same for
all local-RDMFT functionals tested and almost coincides with
the corresponding LDA orbital. The RHF orbital is also close
to them. The full RDMFT NOs are again close to the exact
NO, with the BBC3 being the closest. The Power full-RDMFT
orbital lies between the Müller and the BBC3 orbitals and
is omitted from the plot for clarity. These findings are again
confirmed by the overlaps between the different sets of orbitals
which are given, for the 1σ∗ orbital, in Table III: the overlap
between the local-RDMFT orbitals and the LDA orbital being
around 0.999 in all cases and the full RDMFT orbitals having
an overlap with the exact NO larger than 0.99.
At an internuclear distance of 3 a.u., one finds practically
the same orbital for the 1σ and 1σ∗ orbitals for all methods
considered in this work. Therefore, they are not discussed in
more detail. In Fig. 4, we plot instead the 2σ orbital for this
system, the only orbital, with a significant occupation, which
differs depending on the employed method. As in all other
cases considered, local-RDMFT gives exactly the same orbital
for all functionals. The corresponding LDA and RHF orbitals
look similar and are close in shape to the local-RDMFT or-
bitals. On the other hand, the orbitals obtained by full-RDMFT
differ significantly. While the BBC3 full RDMFT orbital is
very similar to the exact NO, the Power, the ML, and the Müller
FIG. 4. H2 2σ at internuclear distance 3 a.u.: All local-RDMFT functionals
look almost the same. The full-RDMFT orbitals differ slightly from each
other but are all closer to the exact natural orbital than to the LDA and RHF
orbitals. Only the local and full-Müller orbitals are shown. LDA and RHF
orbitals almost coincide.
TABLE IV. H2 2σ orbital at intermediate distance 3 a.u.: overlaps between
local- and full-RDMFT orbitals with exact NO and LDA orbitals for different
RDMFT approximations.
Local-RDMFT Full-RDMFT
Exact NO LDA Exact NO LDA
Müller 0.801 17 0.997 71 0.935 10 0.882 63
BBC3 0.796 25 0.998 50 0.999 52 0.796 24
ML 0.792 97 0.999 83 0.954 54 0.893 06
Power 0.793 68 0.999 75 0.986 11 0.750 53
LSH 0.788 74 0.999 91 0.999 99 0.780 08
orbitals differ from it especially close to the nuclei. Overall,
however, the full RDMFT orbitals are significantly closer to
the exact NO than the local-RDMFT ones. This is also reflected
in the overlaps given in Table IV which show a large overlap
between the full RDMFT orbitals and the exact NO while the
local-RDMFT orbitals are rather closer to the LDA orbital than
to the exact one.
In Fig. 5 top and bottom panels, we show the first two
orbitals for the hydrogen molecule at the dissociation limit.
Since most orbitals look almost identical on the scale of
the plot, we only included some examples to show the gen-
eral behavior. At this limit, the two orbitals plotted are the
symmetric and antisymmetric combination of hydrogen atom
1s orbitals for all approximations except full-BBC3. The
reason for this difference is because this approximation is
not invariant under a delocalization unitary transformation
in a subspace of localized NOs with degenerate occupation
numbers. As it was shown in Ref. 36, BBC3 favors ener-
getically orbital localization and, in that way, it remains size
consistent. Local-BBC3, since it is based on the same energy
functional, should also favor orbital localization. The reason
it does not is that the single particle Hamiltonian with the
local potential is invariant in the subspaces of degeneracies
(an occupation number degeneracy leads to a single particle
energy degeneracy). Thus, for the effective Hamiltonian, it is
equivalent to get localized or delocalized pairs of orbitals and
the choice is mostly a technical matter of the diagonalization
routine. In our case, the result with local-BBC3 resembles
that of the other approximations, i.e., a pair of symmetric and
antisymmetric delocalized orbitals. This small discrepancy
between the full and the local version of a given functional
can be resolved by a subsequent minimization of the original
functional in the subspace of degeneracy. Generally, we should
keep in mind that the local Hamiltonian is invariant under
orbital rotations while the energy functional might not be.
In such cases, a small scale additional minimization of the
original functional in the degenerate subspace is required.
Since for all systems studied here, the local-RDMFT or-
bitals are close to the LDA ones, one might wonder if the same
is true for the corresponding energy eigenvalues. We found
this not to be the case and the average differences from the
LDA eigenvalues for different functionals are of the order of
5-6 eV, for the orbitals considered in this work, as one can see
in Table V. The relative differences for all functionals lie in
the range of 32%–463%. This is largely expected since local-
RDMFT energy eigenvalues have been proven to give accurate
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FIG. 5. H2 1σ (top) and H2 1σ∗ (bottom) orbitals at dissociation. Es-
sentially, all functionals for full and local-RDMFT yield a symmetric and
antisymmetric superposition of two hydrogenic orbitals except full-BBC3
that gives two localized orbitals instead as discussed in the text.
approximations to the experimental IPs24,25 contrary to the
LDA ones. The big difference from the LDA eigenvalues can be
partly attributed to constraints (3) and (4). If one compares the
local-RDMFT eigenvalues with those from LDA calculations
where the same constraints are imposed28 (referred to as con-
strained LDA (cLDA)), one finds an improved agreement in all
cases, as shown in Table V. The average energy differences in
this case are in the range of 0.5-1.3 eV for the different local-
RDMFT approximations while the relative differences for all
functionals are in the range of 0.2%-64%.
The close resemblance of local-RDMFT orbitals to LDA
ones suggests that, as far as static correlations are concerned,
one could completely avoid the orbital optimization. Instead
one could perform a single minimization of occupation num-
bers using KS orbitals, for example, from a LDA calculation,
and still obtain a good description of static correlation as
TABLE V. The average differences (in eV) of the local-RDMFT eigenvalues,
for the orbitals considered in the present work, from those of the LDA (∆LDA)
and cLDA (∆cLDA).
Functional ∆LDA ∆cLDA
Müller −6.32 −1.27
BBC3 −6.24 −1.17
ML −4.96 −0.48
Power −5.54 −0.50
local-RDMFT was found to provide. In order to obtain non-
idempotent solutions for the occupation numbers, it is essential
to use 1-RDM approximations for the energy expressions and
not density ones.24 The resulting method could provide an
adequate description of strong static correlation at a compu-
tational cost which is only slightly larger than a density func-
tional calculation since the only additional calculation is a one-
shot optimization of the occupation numbers which is rather
cheap. In addition, a single evaluation of the effective potential
of local-RDMFT with the modified occupation numbers would
offer an improved quasi-particle energy spectrum compared to
the initial LDA calculation.
IV. CONCLUSION
In conclusion, this work focuses on the nature of the
optimal orbitals, LROs, of local-RDMFT. This approach was
introduced recently as a bridge between RDMFT and DFT. It
is based on the idea of minimizing functionals of the 1-RDM
under the additional condition that the LROs satisfy a single-
particle Hamiltonian with a multiplicative KS-like potential.
Apart from computational efficiency, the motivation for the
development of local-RDMFT is that there exists a single-
electron spectrum associated with LROs which was proven
quite useful in describing spectral properties like ionization
energies of molecular systems.
According to the findings of this work, LROs from local-
RDMFT are much closer to the Kohn-Sham orbitals from LDA
than the exact NOs. Orbitals from full-RDMFT on the other
hand resemble the exact NOs much closer than LROs of local-
RDMFT. This fact is a demonstration of the hybrid nature
of local-RDMFT: the combination of non-idempotency, i.e.,
fractional occupancies, with KS-like orbitals. Interestingly, the
nice features of local-RDMFT, like the correct description
of molecular dissociation and a single electron spectrum, are
combined with KS-like orbitals due to the non-idempotency
which is introduced through the adoption of functionals of the
1-RDM.
The present work can be seen as the initiative for the quest
of approximations that combine density functionals leading
to KS-like orbitals with approaches based on the 1-RDM that
lead to fractional occupancies for these orbitals. Such schemes
would combine the simplicity of DFT methods with advanced
features of RDMFT, like the description of effects that require
to go beyond the single determinant approximation. The simi-
larity between the local-RDMFT orbitals and KS-LDA orbitals
suggests that combining a density functional calculation with a
single optimization of the occupation numbers with a 1-RDM
functional could provide an inexpensive way for the descrip-
tion of strongly correlated systems in a hybrid density/density
matrix framework in the future.
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